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Abstract—A high-static–low-dynamic stiffness (HSLDS)
vibration isolator based on a tunable nesting-type electro-
magnetic negative stiffness (NS) mechanism is presented.
The stiffness characteristics of the HSLDS system can
be tuned by regulating the current in the coil. When the
current is zero, the HSLDS system may degenerate into a
passive isolator. The distinctive features of this proposed
isolation system are demonstrated from two aspects: (1)
in contrast to passive isolators, the proposed isolator can
further widen the bandwidth of vibration isolation and im-
prove the isolation performance near the natural frequency
of the passive system; (2) compared with certain other
electromagnetic isolation systems, the proposed system
has a more compact structure, heavier load capacity, and
higher NS-generating efficiency. The proposed electromag-
netic NS mechanism consists of four permanent magnets
and four coil windings. Analytical models of the electro-
magnetic force and the displacement transmissibility are
established. To select an appropriate structural parameter
for the prototype, the effects of geometric parameters on
transmissibility are discussed from a theoretical viewpoint.
The vibration isolation performance of the proposed isola-
tor system is verified, and a tuning strategy is investigated
through experiments.

Index Terms—High-static–low-dynamic stiffness, Elec-
tromagnetic negative stiffness, Vibration isolation

I. INTRODUCTION

MECHANICAL vibration is a naturally occurring phe-
nomenon that exists in many aspects of the industry.

Therefore, vibration isolation equipment is critical to industrial
systems [1–3] and numerous vibration control [4–7] technolo-
gies have been investigated in detail. Generally, for passive
vibration isolators, which usually consist of linear springs
and viscous dampers, there is a trade-off between the load
capacity and the vibration attenuation performance. To a linear
system, vibration isolation occurs in the frequency zone that
is greater than

√
2 times the natural frequency of the system.

Thus, in order to improve the isolation performance from the
perspective of broadening the isolation range and improving
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the transmissibility characteristic near the resonance zone,
one of the most direct approaches is to lower the natural
frequency, namely, to reduce the equivalent/overall stiffness of
the isolator. However, for passive systems, the stiffness cannot
be reduced infinitely because large static deformation may be
caused. Therefore, a novel vibration isolator, which is referred
to as a high-static–low-dynamic stiffness (HSLDS) isolator [8–
10], is investigated by introducing negative stiffness (NS) [11–
16].

Several methods are employed to achieve NS. A com-
mon method is to connect a vertical spring with two
horizontal/oblique springs [17], in which the oblique springs
provide NS once the isolated mass deviates from the equilib-
rium position. Other methods include utilizing the magnetic
force between permanent magnets [18–20], utilizing brackets
and hinges to construct an NS corrector [21], or employing
four oblique buckled Euler beams to provide NS [22].

However, even though oblique springs and buckled beams
can realize the HSLDS, the structure is relatively large because
of their layouts. This may restrict the application range if
the system installation space available is limited. In addition,
for traditional mechanical (e.g., oblique springs and buckled
beams) and magnetic (e.g., tile magnets) HSLDS systems, it
is difficult to adjust the characteristics with respect to external
excitation once the structural dimensions are fixed, which
may weaken the adaptability for different vibration sources.
Compared with mechanical or magnetic variable stiffness
systems, electromagnetic devices have two advantages: first,
the non-contact characteristic of the electromagnetic force can
not only lead to a more compact mechanical structure, but also
a longer fatigue life; second, the electromagnetic NS can be
varied by tuning the current in coil windings, which makes it
possible to optimize the system online in order to prevent a
degradation in the attenuation performance.

Therefore, electromagnet-based isolators with smaller size
and can be tuned online have attracted the attention of several
researchers. Ledezma et al. [10, 23] devised an electromag-
netic shock isolator. Zhou et al. [24, 25] proposed an HSLDS
electromagnetic isolator. Both these creative works use oblique
components (nylon wire/steel beam) to provide positive s-
tiffness (PS), which restricts their structural compactness in
the axial plane. In addition, as static deformation is inevitable
making it difficult to adjust the equilibrium positions for nylon
wires or steel beams, these systems are suitable for horizontal
mounting, which degrades their load capacity. Moreover, their
separated sandwich-type structure also expands their effective
volume (the volume of the part that generates NS). If the
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Fig. 1. Experimental setup of the proposed isolator: (a) HSLDS system; (b) electromagnetic mechanism, where the green and red arrow represent
the magnetization direction and the polarity of current, respectively; (c) coil winding (CW) and permanent magnet (PM); (d) experimental setup.

payload carried per unit effective volume is regarded as an
index of efficiency, smaller effective volumes and heavier
payloads are preferable from the perspective of engineering.

Thus, inspired by the pioneering studies of Zhou and
Ledezma, this work aims to develop a tunable HSLDS isolator
by utilizing a novel electromagnetic NS mechanism, which
has a more compact design, heavier load capacity, and higher
efficiency of isolation. Instead of the separated sandwich-
type mechanism, we proposed a novel electromagnetic NS
mechanism by nesting permanent magnets (PMs) within coil
windings (CWs). This nesting-type layout makes the structure
more compact and facilitates the integration of more PMs or
CWs within a limited space to increase NS. PS is provided by
two parallel mechanical springs, through which the equilibri-
um position can be easily controlled by adjusting the preload
of the springs, regardless of vertical or horizontal mounting.
Therefore, a large load capacity can be realized. Consequently,
the efficiency is improved as isolation of a heavier load can
be realized through a smaller effective volume. In addition,
a systematic tuning strategy is developed to achieve a higher
vibration attenuation performance than those of passive sys-
tems or pure HSLDS systems. The generality of this system
warrants its direct use in guiding the design and parameter
selections of other HSLDS systems.

II. HSLDS SYSTEM DESCRIPTION

To construct an electromagnetic HSLDS isolation system
with a compact design and high isolation efficiency, we
proposed a nesting-type electromagnetic mechanism, which
is composed of four ring PMs and four CWs (Fig. 1a).
The axial thickness of the PMs and the CWs are equal
since the interaction force/stiffness will be the largest in this
configuration according to literatures [9, 26]. All the PMs
are axially magnetized and the magnetization directions of
the adjacent PMs, as well as the directions of the current in
adjacent CWs, are opposite. Two shaft collars are utilized to

remain the PMs in contact with adjacent ones, and to fasten
these four PMs at a specific position on the shaft. The CWs are
stuck to the inner wall of the frame, and there exists a clearance
between the PMs and the CWs to ensure non-interference of
movement between them. It is noteworthy that the clearance is
an important parameter that may influence the magnetic flux
density, hence the magnitude of the electromagnetic interaction
force/stiffness. Thus, it will be discussed in detail and selected
in the later section. Once it is determined, it remains a fixed
value during the operation because there is no movement in
radial direction for the PMs. Fig. 1a also shows the equilibrium
position of the isolator, at which the equivalent stiffness is the
lowest. Thus, in order to achieve the maximum isolation effect,
the center plane of the PMs should coincide with that of the
CWs axially.

An apparent feature of this mechanism is that the PMs
are nested into the CWs (Fig. 1b-c), which is beneficial for
reducing the dimensions of the overall structure. Furthermore,
owing to the nesting-type layout and the use of mechanical
springs, the effective volume is small, and the load capacity
is significant. Consequently, the load carried by per unit
effective volume increases. To further maximize the isolation
performance, on the basis of the nesting-type layout, we
proposed a design procedure to derive the optimum structural
parameters (listed in Table I) in the following section. The
main objectives are to: (1) decrease the natural frequency to
broaden the frequency range that isolation occurs; (2) lower
the peak transmissibility to decrease the influence of the base
vibration on the payload.

Materials for the prototype include aluminum and acrylic
plexiglass. The CWs are fixed to the base of the isolator, and
the PMs are connected to the isolated mass through a shaft.
Sliding bearings are equipped to decrease the friction between
the base and the shaft and to ensure that the shaft can only
move vertically. Fig. 1d shows a schematic of the experimen-
tal setup. The prototype is mounted on a shaking platform
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Fig. 2. Calculated distribution of the magnetic flux line and the magnetic
flux density using FEM software Comsol. The current is 0.9 A, and the
other parameters have listed in Table. I.
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Fig. 3. Schematic of a ring PM and a CW with multi-layers of current-
carrying coils. • and × indicate the polarities of current.

attached to the stinger of a TMS Model 2100E11 shaker. The
external excitation signal for the shaker is controlled with an
Econ VT 9008 vibration control system and a TIRA BAA
1000 power amplifier. Two PCB 393B31 accelerometers are
used to measure the acceleration signals of the shaking plate
and the isolated mass. Acceleration data are collected and
processed using an LMS SCADAS XS device and LMS Test
Lab software, respectively.

III. STATIC ANALYSIS

A. Theory of HSLDS

Owing to the axial symmetry of the proposed HSLDS
isolator, only the axial electromagnetic force would be applied
on the PMs. When the CWs are not energized or the PMs are
in their equilibrium locus, the force exerted on the PMs is
zero. In this case, the stiffness of the entire system equals the
stiffness of the mechanical springs. However, when the CWs
are current-carrying, the steady state will be broken by the
relative motion between the PMs and the CWs. Specifically,
a repulsive electromagnetic force will be generated by the
coupling of the magnetic fields created by the CWs and PMs,
as shown in Fig. 2. If the electromagnetic force exerted on
the PMs is opposite to the restoring force of springs, it will
counteract the restoring force. Consequently, both the resultant
force exerted on the PMs and the equivalent stiffness of the
isolator decrease.
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Fig. 4. Fitting results: (a) fitted curves (dotted lines) and calculated force
curves (solid lines) with different current. The arrow means the current
increases from 0.2 A to 1.0 A in a step of 0.2 A; (b) fitting error.

B. Force modeling

Although various analytical methods have been reported
in previous studies to calculate the electromagnetic field or
force [27, 28], they are mainly focused on configurations such
as PM–PM, CW–CW, and cylindrical PM–CW. Therefore, a
strategy that solves the configuration of a ring PM–CW is
proposed in this study. The filament method [29] is adopted
to calculate the interaction force between two coaxial coils (or
filaments). According to the Amperian current model, a ring
PM consists of two equivalent surface currents with identical
current magnitudes but opposite directions [30], as shown in
Fig. 3. The detailed expression of the axial force and stiffness
for a one-magnet–one-winding configuration is provided in the
appendix. Here, the total axial interaction force f∗ for a four-
magnet–four-winding configuration can be calculated using

f∗ =

4∑
i=1

4∑
j=1

FCiMj (1)

where FCiMj
( i, j = 1,2,3,4) denotes the electromagnetic

force between any PM–CW pairs. In order to more convenient-
ly solve stiffness and dynamic equation, one common practice
is to employ a cubic polynomial to express the electromagnetic
force, which is given as

f∗ = p1x+ p3x
3 (2)

where p1 and p3 are fitting parameters computed by the
Curve Fitting Toolbox in MATLAB. The embedded Matlab
function ‘fit’ is called, the fitting type is set to be ‘poly3’,
all the rest arguments remain default. Then, four coefficients,
which represent the coefficients of the cubic polynomial, are
obtained. The coefficients for quadratic term and the constant
term are neglected because they are very small, specifically, in
order of magnitude of 10−11 and 10−15, respectively. In other
words, only the linear term and the cubic term is left in the
final expression. The fitting results and the error are illustrated
in Fig. 4. By observing Fig. 4a we can see that both the
calculated and the fitted results are in good agreement. And we
can conclude that the cubic polynomial is reasonably accurate
to denotes the electromagnetic force because the fitting error
is less than 9 %, as shown in Fig. 4b.
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TABLE I
STRUCTURAL PARAMETERS AND VARIABLES OF THE SYSTEM

Structural Parameters
Parameter Value unit Definition
rc, Rc 15.8, 23.5 mm Inner / outer radius of the CW.
rm, Rm 5, 15 mm Inner / outer radius of the PM.
Nm 50 - Number of turns axially of the PM.
Nz , Nr 18, 16 - Number of turns axially / radially of the

CW.
am, aw 10, 7.7 mm Radial thickness of the PM / CW.
bm, bw 10, 10 mm Axial thickness of the PM / CW.
ag 0.8 mm Clearance.
Br 1.35 T Magnetization of the PM.
Da - mm Axial clearance between adjacent CWs.
m 3.519 kg Mass of the payload.
c 0.017 Ns/mm Equivalent damping of the system.
ξ 0.044 Equivalent damping ratio of the system.
ks 5.4 N/mm Stiffness of the mechanical spring.

Variables
f, f∗ - N Total / electromagnetic force
p1, p3 - - Fitting parameters of the NS.
k1, k3 N/mm Linear / cubic stiffness of the system
I1 - A Excited current in CWs.
I2 - A Equivalent current of the PM.
Xb - mm Excitation amplitude of the base.
θ - rad Phase of the response.
xb, xm - mm Displacement of the base / mass.
x̂b, x̂m - - Dimensionless displacement of the base

/ mass.
x - mm Relative displacement.
ωb - rad/s Excitation frequency of the base.
ωn, ωh - rad/s Natural frequency of the passive system

(without NS) / HSLDS system (with
NS).

Tn, Th - - Peak transmissibility of the passive sys-
tem (without NS) / HSLDS system (with
NS).

X̂ - - Dimensionless amplitude of the mass.
α, γ - - Dimensionless linear / cubic stiffness.
β - - Dimensionless excitation frequency.
τ - - Dimensionless time.
Ra, Rr, Rg - - Axial thickness ratio, radial thickness

ratio and clearance ratio.
k2 - - Modulus.
K,E - - Complete first / second elliptic integrals.
r1, r2 - mm Radius of filaments.
µ0 4πe-7 H/m Permeability of vacuum.
L - mm Distance between two filaments.

IV. DYNAMIC ANALYSIS

The dynamic characteristics of the HSLDS isolator will be
investigated in this section. All the symbols used here are listed
and explained in Table I, and hence, they will not be explained
in detail below.

A. Motion equation

The sum of the spring force and the electromagnetic force
is

f = (2ks − p1)x− p3x3 (3)

Thus, the motion equation of the isolator under an external
displacement excitation xb = Xbcosωbt at the base is

mẍ+ cẋ+ k1x+ k3x
3 = −mẍb (4)

where the dots denote the derivatives with respect to time t,
k1 = 2ks - p1 is the linear stiffness; k3 = -p3 is the cubic

nonlinear stiffness. Thus, the motion equation can be further
non-dimensionalized as

x̂′′ + 2ξx̂′ + αx̂+ γx̂3 = β2 cosβτ (5)

where the primes denote the derivatives with respect to dimen-
sionless time τ , and

ξ =
c

2mωn
, α =

k1
2ks

, γ =
k3X

2
b

2ks
, x̂ =

x

Xb
, β =

ωb

ωn
, ωn =

√
2ks
m

The harmonic balance (HB) method [16, 19, 20], which is
usually applied to obtain the periodic solution approximately,
is adopted to solve the above nonlinear differential equations.
The solution to the equation indicates the steady-state response
of the mass under a given excitation of the base. According to
the HB method, assuming that the high order terms (greater
than the first order) in the solution have little influence on the
steady-state response and hence can be neglected. Then, we
can derive the first order periodic solution of (5) by assuming
that it has a form of x̂ = X̂cos(βτ+θ). Substituting it into (5),
neglecting the terms containing 3(βτ + θ), and after simple
reduction, the following amplitude-frequency response can be
obtained {

−β2X̂ + αX̂ + 3
4
γX̂3 = β2 cos θ

−2ξX̂β = β2 sin θ
(6)

The above equation can be further simplified as[(
α− β2) X̂ +

3

4
γX̂3

]2
+
(
−2ξX̂β

)2
= β4 (7)

B. Displacement transmissibility

The amplitude X̂ can be calculated numerically through (7).
Because the dimensionless absolute displacement of the base
is x̂b = cosβτ , the dimensionless absolute displacement of
the mass x̂m, which equals to the sum of x̂b and x̂, can be
expressed as

x̂m = x̂b + x̂ = cosβτ + X̂ cos (βτ + θ)

=
(
1 + X̂ cos θ

)
cosβτ − X̂ sin θ sinβτ

(8)

The displacement amplitude of the mass can be derived by
(8). Thus, the transmissibility T can be calculated by the ratio
of the displacement amplitude of the mass to that of the base,
which can be expressed as

T =

√(
1 + X̂ cos θ

)2
+
(
X̂ sin θ

)2/
1 (9)

Substituting (6) into (9), the transmissibility T can be
derived as

T =

√
1 + X̂2 +

2X̂

β2

[
(α− β2) X̂ +

3

4
γX̂3

]
(10)
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Fig. 5. Simulated transmissibility curves with various currents: (a) Xb =
0.5 mm; (b) Xb = 1.0 mm.

C. Nonlinear characteristics

The HSLDS system behaves as a nonlinear system owing to
the existence of cubic nonlinearity p3 [9, 11, 12]. Two sets of
numerical simulations with different excitation amplitudes Xb,
namely 0.5 mm and 1.0 mm, are conducted to illustrate the
nonlinearity of the proposed system. All the initial parameters
for simulations are listed in Table I. Fig. 5a shows that both
the resonance frequency ωh and the peak of transmissibility
Th decrease with the increase in current when Xb = 0.5 mm.
This is explained by the fact that an increase in the current can
improve the NS effect, which will be proven experimentally
in Section VI-A. However, for the case of Xb = 1.0 mm, the
curve-bending and the jumping-down phenomena are observed
(see Fig. 5b). This is because a high excitation amplitude may
lead to a greater nonlinearity term γ (see (5)). The curve bends
toward the right side such that the resonance frequency ωh

moves to the high-frequency zone, and the isolation effect
diminishes. Notably, it is a hardening system because the curve
bends to the right side.

V. SELECTION OF STRUCTURAL PARAMETERS

The fundamental principal for structural design is to find
the optimal structure dimensions that can generate the great-
est electromagnetic NS under given conditions. Usually, for
HSLDS systems, the greater the generated NS, the lower the
equivalent stiffness of the isolator, and hence the lower the
natural frequency. In the meanwhile, the peak transmissibility
would be lowered because the damping ratio ξ increases
with the decrease in the equivalent stiffness of the isolator.
Thus, generating the greatest NS can be achieved by attaining
the lowest natural frequency (ωh) or peak transmissibility
(Th). Based on these considerations, in this section, ωh and
Th are selected as indices to illustrate the influence of the
geometric parameters on the vibration isolation performance.
To examine the effects more clearly, they are normalized as
ωh/ωn and Th/Tn, respectively. Once the stiffness of the
mechanical spring is fixed, the equivalent stiffness of the
system is only determined by the electromagnetic stiffness. For

a given layout, the electromagnetic stiffness is entirely affected
by the current, geometric parameters, and residual flux density.
Appropriate geometric parameters could improve the vibration
attenuation performance. Thus, three normalized variables are
used to analyze the influences of geometric parameters on
ωh/ωn and Th/Tn: (1) the axial thickness ratio Ra = bw/bm,
as shown in Fig. 1c; (2) the radial thickness ratio Rr = aw/am;
(3) the clearance ratio Rg = ag/am.

Notably, changing the physical dimensions of the PM would
be highly impractical, whereas the geometric dimensions of the
CW can be relatively easily altered. Hence, in the following
analysis, the dimensions and characteristics of the PMs are
fixed, namely, rm = 5 mm, Rm = 15 mm, am = 10 mm, bm
= 10 mm, and Br = 1.35 T . Other constants for the simulation
are Xb = 0.5 mm and I1 = 0.6 A.

A. Effect of geometric parameters

Radial thickness ratio Rr. The effect of Rr is shown in
Fig. 6a. With an increase in Rr, both the normalized peak
transmissibility Th/Tn and the resonance frequency ωh/ωn

decrease to some extent. However, when Rr > 0.7, this trend
becomes inconspicuous, which indicates that the increase in
Rr has a slight effect on the peak transmissibility and the
resonance frequency. This is because, if Rr is relatively small,
when the PM and current are given, a CW with a larger
radial thickness can produce a larger NS. However, once the
thickness exceeds a certain limit, it no longer has a significant
effect on the NS. With an increase in Rr, the nonlinearity
becomes much stronger and has sufficient strength to distort
the curve to the high-frequency band, which may weaken the
vibration isolation performance of the system.
Axial thickness ratio Ra. The transmissibility character-

istics of the proposed HSLDS isolator with various Ra values
are presented in Fig. 6b. It can be observed that different
values of Ra result in different values of ωh/ωn and Th/Tn,
namely different vibration isolation performances. The shapes
of both curves are concave, which signifies that both the peak
transmissibility and the resonance frequency become relatively
large when the value of Ra is either too large or too small.
Especially, the resonance frequency becomes close to 1, which
indicates that the electromagnetic mechanism has almost no
effect on the stiffness of the system. This is because there is
virtually no NS produced within this size of CWs. Hence, Ra

is a key parameter for designing the system.
Clearance ratio Rg . Fig. 6c shows that a decrease in the

clearance results in a decrease in the peak transmissibility and
resonance frequency. The reason for this is that a decrease
in the clearance between CWs and PMs can make the mag-
netic induction lines passing through the clearance become
much denser, consequently, greater electromagnetic NS will
be generated. This is beneficial as greater NS will counteract
more stiffness of springs, such that the equivalent stiffness of
the system becomes smaller and thus, the resonance frequency
decreases. On the contrary, when the ratio increases to a certain
extent, the generated NS will be too weak and its effect on the
stiffness of system will be neglected and hence, the resonance
frequency will be 1, namely, the same as that of the passive



1083-4435 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMECH.2019.2954910, IEEE/ASME
Transactions on Mechatronics

(

a

)

(b

)

(a) (b) (c)

Fig. 6. Simulated resonance frequency and peak transmissibility with various: (a) radial thickness ratios Rr (bw = 10 mm, ag = 0.5 mm); (b) axial
thickness ratios Ra (aw = 10 mm, ag = 0.5 mm); (c) clearance ratios Rg (aw = 10 mm, bw = 10 mm).

system (no current in CWs). Hence, it is better to choose a
slight clearance for the design. However, the trade-off is that
slight clearance requires extreme accuracy of assembling and
manufacturing.

B. Selecting procedure
Judicious selection of the geometric parameters should be

exploited in order to realize the design objectives mentioned
in Section II, namely, decreasing the natural frequency and
lowering the peak transmissibility. Hence, in this section, we
will explain how the geometric parameters listed in Table I
are obtained.

Based on the analysis in Section V-A, it appears reasonable
to decrease the value of Rg . However, the clearance cannot
be always reduced because of the fabricating accuracy and
assembling accuracy of CWs and PMs. Therefore, a value of
Rg = 0.8 (namely ag = Rgam = 0.8 mm) is adopted, which
is almost the ultimate precision that can be achieved in lab
tests. Second, because an increase in the radial thickness ratio
Rr has a slight effect on the transmissibility characteristics if
Rr > 0.7, considering saving copper wires in the CWs and
reducing the overall size of the prototype, an Rr close to 0.7
∼ 0.8 is economical. Here, Rr = 0.77 is selected, namely,
aw = 0.77am = 7.7 mm. Thus, we can obtain rc = ag +
Rm = 15.8 mm and Rc = rc + aw = 23.5 mm. Finally, for
the axial thickness Ra, the minimum resonance frequency and
peak transmissibility exist when Ra is 0.9 ∼ 1.1, and hence,
Ra = 1 (namely bw = Rabm = 10 mm) is selected as the
design parameter for the proposed prototype.

VI. EXPERIMENTAL RESULTS

A. Transmissibility results
To compute the transmissibility of the HSLDS system,

experiments for different currents were conducted. The white
noise was chosen as the excitation signal. The attenuation
performance was examined for a payload of 3.519 kg. The
amplitude of the displacement of the base is 0.5 mm. Notably,
the relative movement between the CWs and PMs will produce
an eddy current damping force. Technically, the damping fac-
tors obtained under different relative movements and different
current magnitudes are not the same, but the difference can be
ignored. Furthermore, in this study, the primary target of the
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Fig. 7. Experimental results (colored solid) and analytical predictions
(black dash-dotted) of transmissibility curves for different current values.

analytical model was to predict whether the NS characteristics
would influence the isolation performance, rather than specific
damping factors of the system. Thus, the damping coefficient
of the system is treated as a constant.

Transmissibility curves measured experimentally (colored
solid curves) are illustrated in Fig. 7 alongside the theoretical
ones (black dash-dotted curves) computed using (9). When
the current increases, the proposed system exhibits consid-
erably improved vibration isolation performance because the
resonance frequency is reduced from 8.80 Hz to 5.66 Hz,
and the corresponding zero-crossing point (the starting fre-
quency of the isolation bandwidth) shifts from 13.0 Hz to
7.8 Hz. Notably, 1.2 A is adopted as the upper limit to
prevent overheating of the CWs. The experimental results are
consistent with the analytical ones in both the low- and high-
frequency bands. The results also show that the HSLDS system
outperforms the passive system in terms of the vibration atten-
uation, e.g., the obtained transmissibilities are −7.3 dB@10
Hz and −15.4 dB@15 Hz for the HSLDS system, whereas
they are 11.3 dB@10 Hz and −7.1 dB@15 Hz for the
passive system. However, the analytical model overpredicts
the resonance frequency and the peak transmissibility because
there is an evident discrepancy between the tested result
and the theoretical one when the current equals 1.2 A. This
discrepancy exists probably owing to the slight variation of
the damping coefficient and the accuracy of the HB method.
Therefore, the divergence between the theoretical prediction
and experimental verification is deemed to be acceptable.
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Fig. 8. Experimental results: (a) transmissibility curves; (b) amplitude of
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B. Tuning capability

The experimental results indicate that the transmissibility
can be tuned by regulating the current. Fig. 7 also illustrates
that, in the low-frequency band (cyan), a high-stiffness system
(I1 = 0 A) has a better vibration attenuation performance
than a low-stiffness system (I1 = 1.2 A). However, the results
are opposite in the high-frequency band (orange). This also
indicates that: (1) it is preferable to increase the stiffness
of the system in the low-frequency band. By modifying the
polarity of the current, one can reverse the direction of the
electromagnetic force, and subsequently, NS turns into PS.
Consequently, the equivalent stiffness increases because it
equals the superposition of this PS and the stiffness of springs;
(2) a tuning strategy to obtain the best attenuation effect at
full frequency band is obtained. To be specific, NS is off
in the low-frequency band; instead, an electromagnetic PS
is generated by reversing the polarity of the current, and
hence the system exhibits a high stiffness behavior. In contrast,
in the high-frequency band, NS is on, such that the system
exhibits a low stiffness behavior. Please note that we only
focus on harmonic base excitations because our main purpose
is to obtain the optimal isolation effect for a wide range of
excitation frequency through tuning the current, rather than to
realize vibration isolation for any types of excitation, such as
multi-frequency excitation signals.

Based on these considerations, an ON - OFF tuning strategy
is explored to verify the online tuning capability of the
proposed HSLDS system. As shown in Fig. 8a, point Q is
the point of intersection of two transmissibility curves when
the currents equal 1.2 A and -1.2 A (the minus sign refers to a
reversed current), and the corresponding frequency of Q is fQ
= 6.8 Hz. Because payload affects the natural frequency of
the isolator, frequency fQ should be recalculated for different
payloads. When the isolation system is subjected to a sinu-
soidal base excitation, it will gather the excitation signal and
compute the main frequency. If the main frequency is lower
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Fig. 9. Flow chart of the proposed stiffness regulation strategy.

than fQ (cyan), the current will be set to -1.2 A; otherwise, it
will be set to 1.2 A when the excitation frequency is greater
than fQ (orange). The detailed procedure of this strategy is
illustrated in Fig. 9. Specifically, collecting the sinusoidal data
is completed by NI DAQ card PXIe 4497; a lowpass filter with
a cut-off frequency 100 Hz is adopted to recreate the collected
data; then, the main frequency component of the collected data
is computed through the ‘Power Spectrum’ function and the
‘Peak Search’ function provided by the Sound & Vibration
Toolkit of LabVIEW. Finally, the corresponding current is fed
into the CWs according to the calculated main frequency.

To verify the proposed tuning strategy, two sets of experi-
ments were carried out. Specifically, 5 Hz (< fQ) and 10 Hz
(> fQ) were adopted as the excitation frequencies. The results
are illustrated in Fig. 8b, where the acceleration responses of
the isolated payload of the passive system (I1 = 0 A) and
the system with tuning strategy are illustrated in red and blue,
respectively. Fig. 8b shows that the response of the system
with tuning (blue) is smaller than the response of the passive
system (red). Specifically, the root mean square (RMS) of
the acceleration amplitude is reduced by 16.3% (for 5 Hz)
and 79.8% (for 10 Hz). Thus, with the ON - OFF strategy,
the system outperforms both the HSLDS system in the low-
frequency band and the passive system in the high-frequency
band. In other words, this strategy is effective for a wide range
of external excitation frequencies.

Transient effect is inevitable during current switching,
which can result in displacement overshoot or sudden change
in the static position of the payload. For the proposed isolator,
electromagnetic stiffness becomes positive when the overshoot
exceeds a certain point (details in Section VII), which can help
limit the overshoot and prevent instability. Furthermore, Since
sudden change in the static position are highly dependent upon
the equivalent stiffness, and the lowest equivalent stiffness
(at current I = 1.2 A) is still higher than quasi-zero, sudden
changes in the static position are within a tolerable range.

Table II presents comparisons between the results obtained
from the proposed design and the previous studies, which also
focused on the vibration/shock isolation with electromagnetic
devices. Even though the proposed isolator has a more com-
pact size, such as a smaller volume (the radial thickness and
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TABLE II
COMPARISON WITH RESULTS OF PREVIOUS STUDIES

Type Proposed system Zhou [24] Ledezma [8, 10]
Layout Horizontal/Vertical Horizontal Horizontal

Range of current 0 ∼ 1.2 A 0 ∼ 1.2 A 0 A, 2 A
Radial thickness 7.7 mm 10.3 mm *
Axial thickness 40 mm 88 mm *
Turns of coil 1152 7130 *

Payload 3.519 kg 0.170 kg 0.075 kg
ρ 9254 kg/m3 614 kg/m3 -

Performance -7.3 dB@10 Hz -6.0 dB@10 Hz 15 dB@10 Hz
-15.4 dB@15Hz

* These values were not provided in Ref. [8, 10].

axial thickness are 7.7 mm and 10×4 mm, respectively) and
fewer turns of coils (1152 < 7130), it can bear a heavier load
(3.519 > 0.170 > 0.075 kg), which makes it much easier to
satisfy engineering requirements. For a more straightforward
demonstration of the degree of compactness and load capacity,
a so-called volume loading rate ρ is defined. ρ has the
same dimension as density, and it is defined as load carried
per unit effective volume (in this case, the effective volume
refers to the volume of the part that generates the tunable NS,
e.g., volume of CWs). As shown in Table II, the proposed
prototype has a considerably large ρ, which indicates that the
vibration isolation for a heavy load can be realized by a small
structure. The reason is that, on the surface, the load capacity
depends only upon the mechanical springs. Springs with large
stiffness (positive) can carry a heavier load. However, in
order to achieve the same isolation effect, the system with
greater PS should introduce greater NS to neutralize its PS
accordingly. This indicates that the proposed system is capable
of generating a larger NS with such a compact structure. Thus,
ρ of the proposed design is greater.

In addition, as a power supply is required to energize the
CWs, the power consumption is another key criterion that
should be considered when evaluating the system. Fig. 10
shows the power consumption at each normalized resonance
frequency ωh/ωn (See V-A). As ωh/ωn shifts to the lower-
frequency zone, the consumed power increases. It is no longer
a linear relationship because an increase in the power has a
much smaller effect upon the reduction of ωh/ωn. However,
the proposed system consumes the least power for the same
ωh/ωn, even though its load is the heaviest. The reason is that
the resistance of the proposed isolator is lower than that of the
other systems. Moreover, the proposed system can generate
greater NS with a small current. Thus, the proposed system
shows a relatively high efficiency in realizing a similarly scaled
vibration attenuation because it requires less power, especially
at ωh/ωn < 0.75.

VII. DISCUSSION

The above sections focused on realizing vibration attenu-
ation from the perspective of tuning the magnitude of the
stiffness. However, as the HSLDS system behaves as a nonlin-
ear system, we can also realize vibration attenuation from the
standpoint of tuning the nonlinearity. In Section IV-C, weak
nonlinearity is favorable for the hardening system because of

Power

increases

ωh/ωn 

Fig. 10. Consumed power of electromagnetic mechanisms measured
using experiments.

the curve-bending phenomenon induced by the strong nonlin-
earity of NS. The more the system approximates to a linear
system, the smaller the γ will be. Thus, from the perspective of
the vibration attenuation, a smaller γ is appropriate. Inspired
by the Helmholtz coil [31], we can obtain a linear system
by producing an approximate uniform magnetic field. For our
proposed system, this can be achieved by enlarging the axial
clearance (denoted by Da) between adjacent windings. An
example is shown in Fig. 11.

We obtain two force–displacement curves (as illustrated in
Fig. 11a) with the same α but different γ by precisely tuning
I1 and Da. When I1 = 1.55 A and Da = 10 mm (the red curve
in Fig. 11a), the force–displacement curve is an approximate
straight line, which indicates that the system is close to a
linear system. This is because, if the produced magnetic field is
uniform, the nonlinearity of NS will be eliminated. Therefore,
the effect of the nonlinearity term γ can be neglected as it
is too small. When I1 = 1.2 A and Da = 0 mm (the blue
curve in Fig. 11a), γ cannot be neglected and hence, the
force–displacement curve is nonlinear. The simulation results
of transmissibilities also reveal the advantage of small γ (the
red curve in Fig. 11b) because it shows that the resonance
frequency shifts to the left slightly for a smaller γ.

In addition, mechanical stability is also important to HSLDS
isolators, especially when deformation is too large. For the
proposed system, the electromagnetic stiffness within about ±
5.5 mm is negative (see Fig. 12b). This range is determined
by the dimensions of the electromagnetic mechanism, and
optimal isolation performance can be achieved within this
range because the equivalent stiffness is reduced. Beyond
this range, the electromagnetic stiffness becomes positive.
Therefore, even if the deformation is too large, it is not
possible for the equivalent stiffness to become negative and the
positive electromagnetic stiffness can ensure the mechanical
stability of the proposed system.

VIII. CONCLUSION

This paper proposed an HSLDS isolator with a tunable
NS. The NS is provided by a nesting-type electromagnetic
mechanism that consists of four coaxial CWs and four ring
PMs. The NS is combined in parallel with the PS produced
by mechanical springs. The equivalent stiffness of the isolator
is expressed as the superposition of the PS and the NS. By
tuning the magnitude of the current, the equivalent stiffness
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can be adjusted dynamically. The calculation of the interaction
force/stiffness is achievable using the Amperian current mod-
el. The motion equation and transmissibility characteristics
of the isolator were set up and analyzed in detail. Both
the numerical simulation analysis and experimental results
show that the isolator can realize better performance than
passive system. Compared with previous studies, the proposed
isolator has three outstanding advantages, i.e., a more compact
structure, heavier load capacity, and higher efficiency.

APPENDIX

The axial force between two coaxial filaments is given by

Fa (r1, r2, L) = µ0I1I2L

√
k2

4r1r2

[
K −

1
2k

2 − 1

k2 − 1
E

]
(A.1)

where K and E are the complete first and second elliptic
integrals with modulus k2, respectively, and

k2 =
4r1r2

(r1 + r2)
2
+ L2

(A.2)

Four steps are used to calculate the interaction force exerted
between CWs and ring PMs. First, each turn of the CW is
considered as a separate coil (the filament) with current I1.
Second, the ring PM is considered as two cylindrical magnets
whose radii equal Rm and rm. Third, the arrangement of
“turns” used to model the cylindrical PM is related to an
equivalent surface current density; specifically, the equivalent
current in each filament is I2 = Brbm/(Nmµ0), and the
number of “turns” Nm should be sufficiently large to ensure
that the calculation result converges to a stable value. Finally,
the total force between a CW and a ring PM can be expressed
as a superposition of every pair of filaments

FCM = F1 + F2 (A.3)

where

F1 = −
Nm∑

nm=1

Nr∑
nr=1

Nz∑
nz=1

Fa (r (nr) , rm, L (nm, nz)) (A.4)

F2 =

Nm∑
nm=1

Nr∑
nr=1

Nz∑
nz=1

Fa (r (nr) , Rm, L (nm, nz)) (A.5)

r = rc +
nr − 1

Nr − 1
(Rc − rc) (A.6)

L = x− 1

2
(bc + bm) +

nz − 1

Nz − 1
bc +

Nm − nm
Nm − 1

bm (A.7)

The sign of the force is determined by the directions of
the (equivalent) current. If the direction of the applied force
exerted on the PM is identical to the positive direction of the x
axis, the force is positive, and vice versa. NS can be obtained
by differentiating FCM with respect to the relative displace-
ment x, namely, −∂F /∂x. The minus sign is introduced in
the expression because the restoring force produced by the
NS system is opposite to the electromagnetic force.
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